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A Winkler model (Kalker’s simpliﬁed theory) is adopted for solving analytically partial slip
rolling contact problem in the ﬁrst order perturbation form of small periodic oscillations of
generally both normal and tangential load about a steady state. At present, only numerical
investigations exist for this problem, with various approximations to deal with the
transient effects (often, simply neglected), and particularly the effect of varying normal
load and hence contact area, has not been investigated in detail, despite the problem of
corrugation is essentially driven by the change of normal load.
The linear perturbation analysis is used to obtain closed form expressions for the
receptances of the tangential load. Also, similar expressions are obtained for the energy
dissipation, which is correlated with the local wear.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The contact mechanics in rolling contact problems has received considerable attention for a long time given the obvious
interest in transport engineering and not only, starting from Carter (1926). There has been a large literature devoted to this
problem (see Sato et al., 2002), as clearly the researchers have looked at many aspects of this complex problem, involving the
dynamics of the train, the complex response of the track, and the contact mechanics. Yet, probably the contact mechanics
aspect is the least well understood, and most authors use essentially the steady-state relationships originally derived by
Carter (1926), and later reﬁned by Vermeulen and Johnson (1964) and corrected with coefﬁcients, mostly well-known as
Kalker’s coefﬁcients (Kalker, 1990) which correct the Carter-like solution for the effect of Poisson’s ratio and of the ellipticity
of the contact area.
Transient rolling is in general expected to give rise to some oscillations over the steady state, and in the search for insta-
bilities or resonances, perturbation techniques would be valuable, where one does not need the full solution to the problem,
but only that perturbing the steady state. One important application is in the context of studies of corrugation, where there is
a sinusoidal forcing in the form of a corrugated proﬁle over which the rolling takes place, and hence there are oscillations not
only of tangential load, but actually primarily of the normal load and hence of the rolling velocity (creepage).
One of the most delicate aspects of the analysis of the corrugation problem is of course the computation of the frictional
energy dissipation at the contact, where the process of corrugation is clearly in action. Energy dissipation is the quantity of
interest for corrugation studies, since most assumed wear laws suggest wear proportional to frictional energy dissipation. In
particular, the Archard’s wear law (Archard, 1953) suggests that the rail wear occurs in regions where there is microslip
and that the wear rate is proportional to the rate of frictional energy dissipation per unit area. Also, wear experiments. All rights reserved.
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friction force and slip velocity, i.e. proportional to the rate of frictional energy dissipation.
In recent studies of corrugation (see Grassie and Johnson, 1985; Bhaskar et al., 1997; Ciavarella and Barber, 2008; Barber
et al., 2008), perturbation techniques have indeed been applied, but either the transient effects are neglected altogether, or
the steady-state rolling contact solution is often considered to be a good starting point to ﬁnd the relationships between nor-
mal load, tangential load and creepage, or the full stick approximation is adopted. Indeed, the 3D solution including creepag-
es in all three directions proposed by Bhaskar et al., 1997, has for the transient effects a simple stiffness term correction in
the creepage equation, which is based on ﬁtting earlier numerical studies by Gross-Thebing (1989, 1993).
Sophisticated FEM simulations, even in the time domain, are today starting to be possible (for example with the Kalker’s
code CONTACT), but still not competitive to a full analytical model, if possible, and indeed the majority of recent studies of
corrugations have tried perturbation analysis along the lines of Frederick (1986); Tassilly and Vincent (1991a,b), who write
dissipation as a complex function and check if it has the correct phase to produce ampliﬁcation of the original corrugation.
The exact solution of the above-mentioned problem is extremely complex. In the present paper, the full transient problem
is not directly approached. Here, we shall examine transient effects of rolling analytically using a perturbation technique on
the Winkler model. By using Winkler and full stick (implying inﬁnite friction coefﬁcient f) Ciavarella and Barber (2008) were
able to get closed form expressions for receptances and dissipation. The purpose of the present paper is to see how these
expressions are modiﬁed by the coefﬁcient of friction being ﬁnite, leading to a ﬁnite slip zone.
2. Problem statement
The geometry of the problem under investigation (sketched in Fig. 1) is the same of that discussed in Ciavarella and
Barber (2008) and Barber et al. (2008). The wheel is rotating counter-clockwise at speed X. A rigid-body velocity V is super-
posed to the right, bringing the center of the wheel to rest and causing the rail to move at speed V to the right. The vehicle is
braking and the friction force on the wheel opposes the direction of motion V and the braking torqueM opposes the direction
of rotation. The normal contact force is denoted by P. This ﬁgure also shows the sign convention for the coordinate x and for
the elastic displacement ux of a point on the wheel in the contact zone.
If we treat the rail as rigid and concentrate all the elastic deformation in the wheel, points on the rail move at constant
speed V and, as shown in Ciavarella and Barber (2008), the slip velocity can be written as_sx ¼ V XR V ouxox 
oux
ot
: ð1ÞWe consider the case where a small sinusoidal perturbation is superposed on the steady state and hence uxðx; tÞ, XðtÞ can
be written asuxðx; tÞ ¼ u0ðxÞ þ u1ðxÞ expðixtÞ; XðtÞ ¼ X0 þX1 expðıxtÞ: ð2Þ
We also assume the normal and tangential force have the sinusoidal formP ¼ P0 þ P1 expðixtÞ; Q ¼ Q0 þ Q1 expðixtÞ; ð3ÞFig. 1. The model under investigation.
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The instantaneous semi-length of contact a is related to the normal force by the Hertzian equation a ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4PR=pE
p
, where
E is the composite Young’s modulus. Hence, at the ﬁrst-order approximation, the semi-width a of contact can be written asa ¼ a0 þ a1 expðixtÞ; ð4Þ
wherea0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4P0R
pE
r
; a1 ¼ P1 oaoP ¼
a0P1
2P0
: ð5ÞIn the full stick case, the coefﬁcient of friction is sufﬁciently high to prevent slip occurring anywhere_sx ¼ V XR V ouxox 
oux
ot
¼ 0 or V oux
ox
þ oux
ot
¼ V XR: ð6ÞIn this case, substituting (2) in (6), Ciavarella and Barber (2008) showed the oscillatory solution leads to a displacement ﬁeld
ux:uxðx; tÞ ¼ n0ða0 þ xÞ þ
iX1R
x
1 exp  ixða0 þ xÞ
V
  
þ a1n0 exp 
ixða0 þ xÞ
V
  
expðixtÞ; ð7Þwhere n0 ¼ 1X0R=V is the creepage ratio.
The criterion for the location of the stick-slip boundary c is determined from the condition qx ¼ fp at x ¼ c, which for the
Winkler approximation becomesqxðc; tÞ ¼ kquxðc; tÞ ¼ fpðc; tÞ; ð8Þ
where, by using the Hertz relationship E=2R ¼ 2P=pa2, the normal contact pressure can be written aspðx; tÞ ¼
2PðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aðtÞ2  x2
q
paðtÞ2
¼ E

2R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aðtÞ2  x2
q
: ð9ÞHencekqn0ða0 þ cðtÞÞ þ kq
iX1R
x
1 exp  ixða0 þ cðtÞÞ
V
  
þ a1n0 exp 
ixða0 þ cðtÞÞ
V
  
expðixtÞ
¼ 2fPðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2ðtÞ  c2ðtÞp
pa2ðtÞ : ð10ÞSince the perturbation is small, the perturbation in c is also small and we can writec ¼ c0 þ c1 expðixtÞ: ð11Þ
Substituting in (10) for PðtÞ; aðtÞ and cðtÞ of Eqs. (3), (4), (11) and dropping second-order terms, we obtainc0
a0
¼
1 pkqa
2
0n0
2fP0
 2
1þ pkqa
2
0n0
2fP0
 2 ¼ 1 c21þ c2 ; ð12Þ
c1 ¼ c1XX1 þ c1P P1; ð13Þ
wherec1X ¼ 
ia0R
Vn0
2c2
1þ c2
2
f
1 exp  if
1þ c2
  
; c1P ¼
a0
2P0
1 2c
2
1þ c2 exp 
if
1þ c2
  
; ð14Þand f ¼ 2xa0=V . Notice, in the limit f! 0:c1X ð0Þ ¼ 0; c1P ð0Þ ¼
a0
2P0
1 c2
1þ c2 : ð15Þ2.1. Tangential load
To obtain the tangential force, we need to calculateQ ¼ kq
Z þcðtÞ
aðtÞ
uxðx; tÞdxþ
Z aðtÞ
cðtÞ
fpðx; tÞdx: ð16ÞSubstituting (7) and (9) in the above equation, we can write
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Z cðtÞ
aðtÞ
ða0 þ xÞdxþ kq iX1Rx expðixtÞ
Z c0
a0
dxþ kq a1n0 
iX1R
x
 
expðixtÞ
Z c0
a0
exp  ixða0 þ xÞ
V
 
dx
þ fE

2R
Z aðtÞ
cðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2ðtÞ  x2
q
dx; ð17Þwhere we have dropped some second-order terms. By performing the above integrals and considering only the ﬁrst-order
terms, the tangential load can be written asQ ¼ Q0 þ Q1 expðixtÞ; ð18Þ
whereQ0 ¼
fP0
p
2c
1þ c2 þ arccos
1 c2
1þ c2
  
; Q1 ¼ QXX1 þ QPP1; ð19ÞwithQX ¼ 
4kqa20R
Vf
1
f
1 exp  if
1þ c2
  
 i
1þ c2
 
; ð20Þ
QP ¼
f
p
arccos
1 c2
1þ c2
 
 2ic
f
1 exp  if
1þ c2
   
: ð21ÞIn the limit where f! 0, the above expressions reduce toQXð0Þ ¼ 
2kqa20R
Vð1þ c2Þ2
; QPð0Þ ¼
f
p
arccos
1 c2
1þ c2
 
þ 2c
1þ c2
 
: ð22ÞHence, the receptances normalized by QXð0Þ and QPð0Þ, respectively, are
QXðfÞ
QXð0Þ
¼ 2ð1þ c
2Þ2
f
1
f
1 exp  if
1þ c2
  
 i
1þ c2
 
; ð23Þ
QPðfÞ
QPð0Þ
¼
arccos 1c
2
1þc2
	 

 2icf 1 exp  if1þc2
	 
h i
arccos 1c
2
1þc2
	 

þ 2c1þc2
: ð24ÞThe above expressions in the limit of full stick (c ¼ 0) give
QXðfÞ
QXð0Þ
¼ 2
f
1
f
½1 expðifÞ  i
 
;
QPðfÞ
QPð0Þ
¼ 1
2
1 i
f
1 expðifÞ½ 
 
ð25Þas in Ciavarella and Barber (2008).
2.2. Energy dissipation
We can evaluate the time rate of dissipation asWðtÞ ¼
Z þaðtÞ
aðtÞ
qðx; tÞ_sxðx; tÞdx ¼ f
Z aðtÞ
cðtÞ
pðx; tÞ_sxðx; tÞdx; ð26Þbecause in the stick zone the slip _sx is zero. Hence,WðtÞ ¼ f
Z aðtÞ
cðtÞ
pðx; tÞ V XðtÞR V ouxðx; tÞ
ox
 ouxðx; tÞ
ot
 
dx ð27ÞAccording to Winkler modeluxðx; tÞ ¼ qðx; tÞ=kq ¼ fpðx; tÞ=kq in the slip region; ð28Þ
soWðtÞ ¼ f
Z aðtÞ
cðtÞ
pðx; tÞ V XðtÞR fV
kq
opðx; tÞ
ox
 f
kq
opðx; tÞ
ot
 
dx
¼ f ðV XðtÞRÞ
Z aðtÞ
cðtÞ
pðx; tÞdx f
2V
kq
Z aðtÞ
cðtÞ
opðx; tÞ
ox
pðx; tÞdx f
2
kq
Z aðtÞ
cðtÞ
opðx; tÞ
ot
pðx; tÞdx: ð29ÞHence,WðtÞ ¼ fE

2R
ðV XðtÞRÞ
Z aðtÞ
cðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aðtÞ2  x2
q
dxþ f
2V
kq
E2
4R2
Z aðtÞ
cðtÞ
xdx i f
2
kq
E2xa1aðtÞ
4R2
expðixtÞ
Z aðtÞ
cðtÞ
dx: ð30Þ
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whereW0 ¼ fVP0n0p
2c
1þ c2 þ arccos
1 c2
1þ c2
  
; W1 ¼WXX1 þWPP1 ð32ÞwithWX ¼ 8ifP0Rp
c
1þ c2
1
f
1 exp  if
1þ c2
  
 fP0R
p
arccos
1 c2
1þ c2
 
 2cð1 c
2Þ
ð1þ c2Þ2
" #
; ð33Þ
WP ¼ fVn0p
2c
1þ c2 expð
if
1þ c2Þ 
fVn0
p
icf
1þ c2 þ
fVn0
p
arccos
1 c2
1þ c2
 
: ð34ÞThe total accumulated dissipation (proportional to total wear) at a point on the rail depends on the product of the
dissipation rate and the time that the dissipation occurs at that point. For the full stick case, all the dissipation oc-
curs exactly at the trailing edge. In fact, for ﬁnite coefﬁcient of friction, a slip zone is generated to the trailing edge
of the contact area. If the coefﬁcient of friction grows without limit, the energy dissipation rate tends to a ﬁnite
value which is the energy release rate associated with the moving singular traction ﬁeld. In this case, the dissipation
can be evaluated from the release in strain energy at the trailing edge of the contact (see Appendix A of Grassie and
Johnson, 1985).
It follows that the total wear during one passage of the wheel is proportional to the ratio WðtÞ=vðtÞ, wherevðtÞ ¼ V þ oa
ot
ð35Þis the instantaneous velocity of the trailing edge.
In fact, WðtÞ is the time rate of dissipation. In time dt, the total dissipation is WðtÞdt. During this time, the trailing edge
moves a distance vðtÞdt along the rail, so the amount of dissipation per unit length along the rail isD ¼WðtÞdt
vðtÞdt ¼
WðtÞ
vðtÞ : ð36ÞIn the partial slip problem, the calculation of total dissipation is very complicated because it occurs for a ﬁnite time during
which the point (ﬁxed in the rail) moves through the ﬁnite slip zone.
It would be very reasonable to assume that the dissipation is located at the mid-point of the instantaneous slip zone.
Hence, that we need to do is to correct the instantaneous velocity interpolating between that of the contact edge and that
of the slip boundary edge and divide the time rate of dissipation for this velocity.
Therefore, the instantaneous velocity at the mid-point of the slip zone isvaveðtÞ ¼ V þ 12
oc
ot
þ oa
ot
 
¼ V þ ixðc1 þ a1Þ
2
expðixtÞ ð37Þand the total dissipation isD ¼ WðtÞ
vaveðtÞ ¼ D0 þ D1 expðixtÞ; ð38ÞwhereD0 ¼W0V ; D1 ¼
W1
V
 ixðc1 þ a1ÞW0
2V2
¼ DXX1 þ DPP1; ð39ÞwithDX ¼ fP0RpV
c
1þ c2
8i
f
1 exp  if
1þ c2
  
 arccos 1 c
2
1þ c2
 
þ 2cð1 c
2Þ
ð1þ c2Þ2
( )
þ fP0R
4pV
4c2
1þ c2
2c
1þ c2 þ arccos
1 c2
1þ c2
  
1 exp  if
1þ c2
  
; ð40Þ
DP ¼ fn0p
2c
1þ c2 exp 
if
1þ c2
 
 icf
1þ c2 þ arccos
1 c2
1þ c2
  
þ ifn0
4p
2c
1þ c2 þ arccos
1 c2
1þ c2
  
1 c
2
1þ c2 exp 
if
1þ c2
  
f: ð41Þ
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b=a0 ¼DXð0Þ ¼  fP0RpV arccos
1 c2
1þ c2
 
þ 2cð3þ c
2Þ
ð1þ c2Þ2
( )
; ð42Þ
DPð0Þ ¼ fn0p arccos
1 c2
1þ c2
 
þ 2c
1þ c2
 
: ð43ÞHence, the receptances normalized by their values at f ¼ 0 areDXðfÞ
DXð0Þ ¼
arccos 1c
2
1þc2
	 

 2cð1c2Þð1þc2Þ2 
c
1þc2
8i
f 1 exp  if1þc2
	 
h i
arccos 1c
2
1þc2
	 

þ 2cð3þc2Þð1þc2Þ2

4c2
1þc2
2c
1þc2 þ arccos 1c
2
1þc2
	 
h i
1 exp  if1þc2
	 
h i
arccos 1c
2
1þc2
	 

þ 2cð3þc2Þð1þc2Þ2
; ð44Þa b
c d
The receptances QXðfÞ=QXð0Þ. (———) Partial slip solution; (---) full stick solution; (  ) three-dimensional predictions from Gross-Thebing for
1:5; () three-dimensional predictions from Gross-Thebing for b=a0 ¼ 10.
a b
c d
Fig. 3. The receptances QPðfÞ=QPð0Þ. ——— Partial slip solution; (---) full stick solution.
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DPð0Þ ¼
2c
1þc2 exp  if1þc2
	 

þ arccos 1c21þc2
	 

 icf1þc2
arccos 1c
2
1þc2
	 

þ 2c1þc2
þ
2c
1þc2 þ arccos 1c
2
1þc2
	 
h i
1 c21þc2 exp  if1þc2
	 
h i
if
4
arccos 1c
2
1þc2
	 

þ 2c1þc2
: ð45ÞIn the limit of full stick approximation (c ¼ 0), (44) and ( 45) give
DXðfÞ
DXð0Þ ¼ i
1 expðifÞ
f
;
DPðfÞ
DPð0Þ ¼
1þ expðifÞ
2
; ð46Þi.e. we recover the same expressions given by Ciavarella and Barber (2008).
2.3. ‘Tuning’ of the Winkler solution with the continuum Carter’s one
Carter’s solution does not involve the Winkler approximation and hence it is an important comparison to tune the Win-
kler model. In particular, we tune the Winkler model in the limit of f! 0 and large friction coefﬁcient (f !1). In fact in this
a b
c d
Fig. 4. The receptances DXðfÞ=DXð0Þ. ——— Partial slip solution; (---) full stick solution.
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deﬁne an ‘equivalent’ kq to make the two predictions coincide, we can use the tangential sensitivity QX. In this case, we know
from Ciavarella and Barber (2008) thatkq ¼ pE

4a0
ð47Þand hencec ¼ pkqa
2
0n0
2fP0
¼ 2kqa0
E
ð1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s
p
Þ ¼ p
2
ð1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s
p
Þ; ð48Þwhere s ¼ Q0=fP0 is the tractive ratio and for the steady creepage n0 we have used the Carter’s expression.
Also, we know that the Winkler and Carter full stick perturbations in the limit of small frequency (f! 0) predict the same
functional dependence, but the ratio between the receptances QP and DP differs by a factor of 2 between the two methods.
The choise to ‘tune’ kq with the continuum Carter’s solution in the limit of large friction coefﬁcient does not modify the
functional dependence on the tractive ratio (and hence on the creepage which is ﬁnite for ﬁnite friction coefﬁcient) and it is
done only to have a comparison with the aim to present example results.
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Here, we analyze the effect of f and s on the receptances.
Fig. 2 shows the normalized receptances QXðfÞ=QXð0Þ (Eq. (23)). In particular, we present the results as Nyquist plot
(Fig. 2(a)), real and imaginary parts as function of f (Fig. 2(b)) and magnitude (Fig. 2(c)) and phase (Fig. 2(d)) also as function
of f. Dot line represents the Winkler solution for the full stick case, solid lines correspond to the partial slip case for different
s 2 ½0;1. In Fig. 2, circles represent values from the three-dimensional analysis of Gross-Thebing (1989, 1993) for an ellip-
tical contact with semi-axes b=a0 ¼ 1:5, and crosses represents data for an elliptical contact with b=a0 ¼ 10 (from Alonso and
Giménez, 2007). Notice the partial slip solution tends to the full-stick one for s! 0, and increasing s the solution is moving
away from experimental data. However, in the polar plot (Fig. 2(a)) the change of the tractive ratio does not modify the
curve.
The following ﬁgures 3–5 show corresponding plots for the others normalized receptances QPðfÞ=QPð0Þ, DXðfÞ=DXð0Þ and
DPðfÞ=DPð0Þ.
A direct comparison with the results for QP , DX and DP is not possible because Gross-Thebing’s 3D model reports the
coefﬁcients for variation in both dimensions of contact and he does not provide expressions for the dissipation
coefﬁcients.
Anyway, we can noticed that an increase of the slip area produces a growth of the coefﬁcient QP (Fig. 3(c)).a b
c d
Fig. 5. The receptances DPðfÞ=DPð0Þ. ——— Partial slip solution; (-- -) full stick solution.
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implying that, at these frequencies, there will be no dissipation associated with oscillations in rotational speed and normal
force, respectively.
When partial slip conditions are considered the receptances DX and DP are always positive (implying that we have dis-
sipation at all frequencies) and, in particular, the ampliﬁcation of the DX factor which even for f about 3 is already more than
1:5 is a remarkable result, something not present in the full stick solution.
All the receptances except DP lie predominantly below the real line in the polar plot implying phase lags of less than 90.
In the full stick problem DP makes a complete circle in the Nyquist plot showing that the receptance is the same at f ¼ 0 and
f!1. However, when the tractive ratio s is increased this behavior is lost. Finally, notice near the full sliding conditions the
phase of DP presents an almost different behavior with respect to the full stick (for all f it stays always negative).
4. Conclusions
In this paper, the partial slip rolling contact problem in the ﬁrst order perturbation form of small periodic oscillations of
normal and tangential load about a steady state is solved by considering the Winkler approximation. Closed form expres-
sions for the receptances of the tangential load and corresponding expressions for the energy dissipation are presented. Spe-
cial importance assume the expressions for the energy dissipation, as it is generally considered correlated with the wear.
Therefore, they can be used for investigations of corrugation in railway tracks. The most remarkable effect introduced by
the slip area is the ampliﬁcation of the DX factor, something not present in the full stick solution.
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